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^ Abstract 

We investigate a fractional diffusion/anti-diffusion equation proposed by Andrew C. Fowler to 
describe the dynamics of sand dunes sheared by a fluid flow. In this paper, we prove the global-in- 
time well-posedness in the neighbourhood of traveUing-waves solutions of the Fowler equation. 
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1 Introduction 



The study of mechanisms that allow the formation of structures such as sand dunes and ripples at the 
bottom of a fluid flow plays a crucial role in the understanding of coastal dynamics. The modeling of 
these phenomena is particularly complex since we must not only solve the Navier-Stokes or Saint- Venant 
C^ ■ equations with equation for sediment transport, but also take into account the evolution of the bottom. 

Instead of solving the whole system fluid flow, free surface and free bottom, nonlocal models of fluid 
flow interacting with the bottom were introduced in ||7]|9l. Among these models, we are interested in the 
following nonlocal conservation law 171 [H : 

X: (dtu{t,x) + d,(^y^yt,x)+I[u{t,-)]{x)-dlMt,^) = te{0,T),xeR, 

\^u{0,x) = uo{x) x S M, 

where T is any given positive time, u = u{t, x) represents the dune height (see Fig. \Q and X is a nonlocal 
operator defined as follows: for any Schwartz function if G 5(M) and any x G M, 

lMix):= |e|-3¥p"(x-eK. (2) 

Equation ([T]l is valid for a river flow over an erodible bottom u{t, x) with slow variation and describes 
both accretion and erosion phenomena Q. See HJO for numerical results on this equation. 
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Figure 1: Domain considered for the Fowler model: h is the depth water, r/ the free surface and u the 
seabottom. 



The nonlocal term I can be seen as a fractional power of order 2/3 of the Laplacian with the bad sign. 
Indeed, it has been proved Q 



T{i[ip]-ip"){0 = MOJ'^{0 



where 



V'x(e) = 47r^r-axie|3+i6ieie|3, 



(3) 



(4) 



with ax, bx positive constants, T denotes the Fourier transform defined in (Q and F denotes the Euler 
function. One simple way to establish this fact is the derivation of a new formula for the operator Z, see 
Proposition |2] 

Remark 1. For causal functions (i.e. (p{x) = for x < 0), this operator is up to a multiplicative 
constant, the Riemann-Liouville fractional derivative operator which is defined as follows HlOV 



1 r+- /(x-o ,, d-2/3 dV3 



(5) 



Therefore, the Fowler model has two antagonistic terms: a usual diffusion and a nonlocal fractional 
anti-diffusive term of lower order. This remarkable feature enabled to apply this model for signal pro- 
cessing. Indeed, the diffusion is used to reduce the noise whereas the nonlocal anti-diffusion is used to 
enhance the contrast HI. 



Recently, some results regarding this equation have been obtained, namely, existence of travelling- 
waves Uff,{t,x) = (j){x — at) where (p G C'^CI^) and c E M represents wave velocity, the global well- 
posedness for L^-initial data, the failure of the maximum principle and the local-in-time well-posedness 
in a subspace of C^ HI HI- Notice that the travelling- waves are not necessarily of solitary type (see 121) 
and therefore may not belong to L^(M), the space where a global well-posedness result is available. In 
Ell , the authors prove local well-posedness in a subspace of C^(M) but fail to obtain global existence. 
An interesting topic is to know if the shape of this travelling-wave is maintained when it is perturbed. This 



raises the question of the stability of travelling-waves. But before interesting ourselves to this problem, 
we have to show first the global existence of perturbations around these travelling-waves. Hence in this 
paper, we prove the global well-posedness in an L^-neighbourhood of a regular travelling-wave, namely 
u = u^ + V. To prove this result, we consider the following Cauchy problem: 

idtv{t, x) + d^{^ + u^v){t, x) + I[v{t, ■)]{x) - dl^v{t, x) = t G (0, T), x G M, 
|z;(0,x) = vq{x) X G M, 

where vq G L^(]R) is an initial perturbation and T is any given positive time. 

To prove the existence and uniqueness results, we begin by introducing the notion of mild solution 
(see Definition [T]) based on Duhamel's formula ^, in which the kernel KofZ — d"^^ appears. The 
use of this formula allows to prove the local-in-time existence with the help of a contracting fixed point 
theorem. The global existence is obtained thanks to an energy estimate (|3T]) . This approach is classical: 
we refer for instance to |[TJ|6l. 

The plan of this paper is organised as follows. In the next section, we define the notion of mild 
solution to (O and we give some properties on the kernel K of X — 9^^ that will be needed in the sequel. 
Sections |3] and |4] aie, respectively, devoted to the proof of the uniqueness and the existence of a mild 
solution for ©. Section [5] contains the proof of the regularity of the solution. 

Notations. 

- The norm of a measurable function / G LP(M) is written ||/||^p™-) = f^ \f{x)\^dx for 1 < p < oo. 

- We denote by T the Fourier transform of / which is defined by: for all ^ G M 

-^/(O := / e-2--«/(x)dx, (7) 



and T ^ denotes the inverse of Fourier transform. 

- The Schwartz space of rapidly decreasing functions on R is denoted by 5(IR). 

- We write C''{R) = {/: M ^ C; /,/',•• • , f^''^ are continous on M}. 

- We denote by Cfe(M) the space of all bounded continuous real- valued functions on M with the norm 

||.||loo =supk|/|. 

- We write for any T > 0, 

C^'^ ((0, T] xR):={ueC ((0, T] x R) ; dtu, d^u, dl^u G C ((0, T] x M)} . 

- We denote hy V{U) the space of test functions on U and V'{U) denotes the distribution space. 

Here is our main result. 

Theorem 1. Let T > and vq G L^(M). There exists a unique mild solution v G L°° ((0, T); L^ 
of ^ (see Definition [7]) which satisfies 

V G C ([0, T]; L (R)) and v{Q, •) = vq almost everywhere. 

Moreover, if ip G C^(M) then v G C^'^ ((0,r] x M) and satisfies 



dtv + dx{ — + u^v \ + X[v\ - dl^v = 0, 



on (0, T] X M, in the classical sense or equivalently, u = U(p + v is a classical solution of equation ([T]). 



2 Duhamel formula and main properties of K 

Definition 1. LetT >0 and vo G L^{R). We say that v G L°°((0, T);L^ 
if for any t £ (0, T); 



is a mild solution to Q 



vit,-)=Kit,-)*vo 



d.K{t 



* [^ + 'u<l>v] (s, •) ds 



(8) 



where K{t, x) = J-""^ (e~*'^2:()^ (^x) is the kernel of the operator I — d"^^ and ipx is defined in ([4]). 
The expression ([8]) is the Duhamel formula and is obtained using the spatial Fourier transform. 
Proposition 1 (Main properties of K, [11). The kernel K satisfies: 

1. Vt > 0, K{t, •) G P (M) and K e C°° ((0, oo) x M), 

2. Vs, t > 0, K{s, •) * K{t, •) = K{s + t, ■), 

\/uo G L^ (M) , linii^o K {t, •) * uq = uq in L^ (M), 

i. VT > 0,3/^0 such thatyt G (0,r] , \\d^K {t, ■)\\l^(^r) < KqI'^/'^, 
4. Vr>0,3ifi such that\/t£{0,T], ||(9a;Er (i, •) Hlvr) < i^i*"^/^- 



t=o.i 
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Figure 2: Evolution of the kernel K for i = 0.1 (red) and t = 0.5 s (blue) 



Remark 2. An interesting property for the kernel K is the non-positivity (see Figure |2]) and the main 
consequence of this feature is the failure of maximum principle /71/. We use again this property to show 
that the constant solutions of the Fowler equation are unstable /|5j/. 



Remark 3. Using Plancherel formula, we have for any vq G L^(]R) and any t G (0, T] 

\\K{t, •) * t'o||L2(iR) < e"o*||z;o||L2(K), 

where ao = — imnRe{ipx) > 0. 

Proposition 2 (Integral formula for Z ). For all ip G 5(M) and all x G M, 

XM(.) = 1 /° ^^" + ^^-;^^-^^^"^^ dz. (9) 

^ J —oo \Z\ 

Proof. The proof is based on simple integrating by parts. The regularity and the rapidly decreasing of ip 
ensure the validity of the computations that follow. We have 

30 f + OO J 

Jo "? 

1 r+oo 

1 f + OO J 

9 70 ier/3 ^' 

_ 4 /-o (^(x + e)-V^(x)-(^^(x)g ^^ 

There is no boundary term at infinity (resp. at zero) because (^ is a rapidly decreasing function on M 
(resp. if is smooth). ■ 

Remark 4. Using integral formula I©, /[7] |2]/ provecf f/za? 



Notice that T (I[ip]) (^) = 47r^r(2)(i^)^/^ which is consistent with RemarkU} up to a multiplicative 
constant I[p] is -r^jf- 



Proposition 3. Lets eM and ip G H^'iR). Then I[p] G F*-^/3(R) and we have 

m^]\\H^-^/^R) < 47r2r(^)||(^|U.(K). (10) 



Proof. For all s G M and all Lp G H'^i^), we have, using Remark|4] 

1/2 



V3, 






nl/2 



< 4vr2r(^) 



Remark 5. From the previous Proposition, we deduce that for all s G M. and all ip G H^{M.), I[f] G 
H^~^^'^{M.). In particular, using the Sobolev embedding i/^/^(R) ^^ CbCK) n -L^(M), we deduce that 
I : H'^{R) — ;> Cb(M) n L^(M) is a bounded linear operator 

Proposition 4 (Duhamel formula dH) is well-defined). LetT > 0, vq G L'^{M.)andw G L°°((0,r); Li(M))+ 
L°°((0,r);L2(K)). r/^e„, the function 

v:t£{0,T]^ K{t,-)*vo- d^K{t- s,-)*w{s,-)ds (11) 

JO 
/i well-defined and belongs to C([0, T]; L^(]R)) f being extended at t = by the value v(0,-) = vq ). 

Proof. From Proposition [T] it easy to see that v is well-defined and that for any t G (0,T], v{t, •) G 
L2(IR). Indeed, Vt > 0, dxK{t, •) G L'^{R) D L^{R) so by Young inequalities S^jif (t, •) * w{t, •) exists 
and using the estimates on the gradient (item 3 and 4 of Proposition [T|) we deduce that v is well-defined 

andu(t, •) G L^' 



Let us prove the continuity of v. By the second item of Proposition \T\ we have that the function 
t G (0,T] — ;> ir(t, •) * uo is continuous and it is extended continuously up to t = by the value 
v{0, •) = vq. We define the function 

F : t G [0, T] ^ / d^K{t - s, •) * w{s, ■)ds. 
Jo 

Now, we are going to prove that F is uniformly continuous. For any h > 0, Young inequalities imply 

\\F{t + h,-)-F{t,-)\\L2 < [ \\d,K{t + h-s,-)-d,K{t-s,-)\\L^ds\\w\\Lo.^^o,Ty,LJ) 

Jo 

rt+h 
+ / ||a^if(t + /l-S,-)||L«ds||t^||L°°((0,T);Li)i (12) 



where i,j G N* are such that i + j = 3. Since dxK{t, •) = J'~^(^ -> 2i7r^e~*'^^^^'>), the dominated 
convergence theorem implies that 

\\dxK{t- s + h,-) -d^K{t- s,-)||l*{r) ^ Oi as /i ^ 0. 

Moreover, using the estimates on the gradient (item 3 and 4 of Proposition [T|l, we have the following 
inequality 

ft+h 



\\d^K{t - s + h, ■)\\LJ{R)ds < Cjh" 



f 1/2 if J = 1 
where Cj is a positive constant and aj = i J i. -f ■ _ r, ■ 

From (IT2I ). we obtain that \\F(t + h,-) — F{t, •)||l2(r) — ^ 0, as /i — )• 0. Hence, the function F is 
continuous and this completes the proof of the continuity of v. ■ 

Remark 6. Using the semi-group property of the kernel K, we have for all to G (0)^) cind all t G 

[o,r-to],/lZ]/ 

v{t + to, •) = K{t, •) * v{to, •) - / d^K{t -s,-)* w{to + s, •) ds. 

Jo 

3 Uniqueness of a solution 

Let us first establish the following Lemma. 

Lemma 1. LetT >Oandvo G L'^{R). For i = 1,2, let Wi G L°°((0,r);Li(M)) U L°°((0,r);L2 
anfif define Vi as in Proposition^by: 

Vi{t, •) = K{t, ■)*vo- / 9^-R'(t - s, •) * ifi(s, •) (is. 

JO 

Then, 

lh--2|b([0,T];L^(M))<|2i^^^||^,-^,||,.((,,^)^,.(^)) ./... G L-((0, T); L^ 

Proof For all t G [0, T], we have 

Vi{t, •) - t;2(t, •) = - / '9a;-?^(i - S, •) * (^^1 " lf2)(s, •) ds. 

Jo 



Hence with the help of Young inequalities, we get 

\\vi{t,-) -V2{t,-)\\LVR) < < 



/o \\dxK{t - S,-)\\l2(^^)\\{wi -W2){s,-)\\L^^)ds 

if«;, GL°°((0,r);Li(M)), 
Io\\dxK{t - s,-)\\mR)\\{wi -W2){s,-)\\L2(R)ds 



It then follows that 



/o \\dxK{t - S, •)||l2(k) ds\\wi - 'W2||l°o((0,T);L1(IR)) 

ifu;, GL°°((0,T);L1(M)), 

/o \\dxK{t - S, •)||l1(M) ds\\wi - W^2||L->((o,r);L2(R)) 

ifwieL^{{0,T);L^M.)). 



\\viit,-)-V2it,-)\\L2{R) < ' 

Using again the estimates of the gradient of K (see Proposition [T]), we conclude the proof of this Lemma. 



Proposition 5. Let T > and vq G L^(M). There exists at most one v G L°°((0, T); L^(]R)) which is a 
mild solution to ^. 

Proof. Let ui, i;2 G L°°((0, T); ^^(M)) be two mild solutions to ^wAt G [0, T]. Using the previous 
Lemma, we get 

\\vi - V2||c([0,t];L2(M)) < 2KQt^/'^\\vl - ^^1 |L°°((0,t);Ll(M)) + 2KiVt\\u^Vi - U^V2\\l-^(^(q^)-l-^{^)). 

Since, 

ll'^l - ^2llL°°((0,t);Li(R)) < M||fi - ^121 |c([0,t];L2(M)) (13) 

with Af = ||wi||c([o_T];L2(lK)) + |b2||c([0,T];L2(M)), 

then 

ll^'l -^2||c([0,t];L2(E)) < {2MKQt^'^ +2Kit^''^\\u^\\cif^^-^)\\vi -V2||c([0,t];L2(R)). 

Therefore, vi = V2 on [0,t] for any t G (0,r] satisfying 2MKot^/^ + 2Kit^/'^\\u^\\ci(u) < 1- Since 
ui and V2 are continuous with values in L^(M), we have that vi = V2 on [0, T*] where T* is the positive 
solution of the following equation 

2MKot^/^ + 2Kiti/2||n^||^i(jj) = 1, 



-2Mi^0+^4M2X2+8i^i||n^||^l(^ 

To prove that vi = V2 on [0, T], let us define 

to := sup{t G [0, T] s.t vi = V2 [0, t]} 

and we assume that io < ^- By continuity of vi and U2, we have that vi(to> •) = ^2(^0) •)• Using the 
semi-group property, see Remark [6l we deduce that t>i(to + •, •) = ^2(^0 + ") ") ^^ ^^i^d solutions to 
Q with the same initial data vi(to) ") = ^2(^0) ") which implies, from the first step of this proof, that 
f i(t, •) = V2{t,-) for t G [toi '^* + ^o]- Finally, we get a contradiction with the definition of to and we 
infer that to = T. This completes the proof of this proposition. ■ 

4 Global-in-time existence of a mild solution 

Proposition 6 (local-in-time existence). Let vq G L^(M). There exists T* > that only depends 
on ||uo||L2(ig) and \\u^\\(jim\ such that Q admits a unique mild solution v G C([0,T*]; L^(]R)) fl 
C((0, T^];H'^{R)). Moreover, v satisfies 

sup t^/2||(9a;7;(t,-)||i2(K) < +CX). 
te(o,T.] 



Proof. For v G C([0, T]; ^^(R)) n C((0, T]; iJ^(R)), we consider the following norm 

infill := 1 1^1 lc([0,T];L2(R))+ sup 1 2 | |9^7;(i, .)| |^2(ir) (14) 

te(o,T] 
and we define the affine space 

X:={ve C([0,r];L2(IR))nC7((0,T];//^(]R))s.t. t;(0,-) = ^o and |||i;||| < +00} . 

It is readily seen that X endowed with the distance induced by the norm 1 1 1 • 1 1 1 is a complete metric 
space. For v G X, we define the function 

67; : t G [0, T] -^ K{t, ■)*vo- - / d:rK{t -s,-)* v^{s, ■)ds- / dxK{t -s,-)* u^v{s, •) ds. 

2 Jo Jo 

From Proposition!! Gv G C([0, T];L'^{R)) and satisfies G7;(0, •) = vq. 
First step: 9t; G X. Since 

5,(if (t, •) * vo) = d^K{t, ■)*vo = T~H^ ^ 2i7TCe~'^^^^^Tvo{C)), 

the dominated convergence theorem implies that for any to > 0, 

2 



47r"|er e-^'^^^^'-e"*"'^^^^^ \Tvo{0\dC ^ 0, as t ^ to- 

Therefore, the function t > — )■ (^ 1— )■ 2i7r^e~*'^^*-^^-Ffo(^)) G L^(M) is continuous and since J^ is an 
isometry of L^, we deduce that t > ^- dxK{t,-)*VQ G L^(M) is continuous. We have then established 
that t > — )• K{t, •) * fo G H^{M.) is continuous. Moreover, from Proposition [T] we have 

\\dxK{t, •) * Vo\\l2{R) < i^ii""^^^lbo||L2(R)- (15) 

Let w denote the function 

w{tr) = -^l dxK{t- s,-)*v'^{s,-)ds+ dxK{t- s,-)*u^v{s,-)ds. 
^ JO JO 

Let us now prove that w G C((0, T\ ; H^ (M)). We first have 

dxw{t,-)= / 5a:K(t - s, •) * v5a;u(s, •)(is + / dxK{t - s, ■) * dx{u^v){s, ■)ds. 
Jo Jo 



Using Young inequalities and Proposition [T] we get 

\\dxw{t,-)\\L2(^-j < / \\dxK{t- s,-)*vdxv{s,-)\\L2^js^)ds 
Jo 

+ / \\dxK{t - s, ■) * dcciu^v){s, ■)\\L2mds, 
Jo 

< / \\d^K{t- s,-)\\L2(M)\\vdxv{s,-)\\Li(^)ds 
Jo 

+ / \\dxK{t - s,-)\\L^R)\\dx{u,t>v){s,-)\\L2{R)ds, 
Jo 

< lbllc([0,r];L2(IR)) / Ko{t- s)~^/'^S~^/'^ds sup S^/^||9a;i;(s, .)||l2(ir) 

Jo se(o,T] 

+ f Ki{t-sy^l^s~^/^ds sup si/2||a,(n^^)(s,-)||L2(R). 
^0 se(o,r] 

We then obtain 

\\^xW{t,■)\\L2^^^■) < KoI||u||c([0,T];L2(]R))T"^/^ SUp S^/'^\\dxV{s, ■)\\l^(R) 

s€(0,T] 

+KiJ sup s^/^||(9^(u^t')(s,-)||L2(iR), (16) 

se(o,T] 

where / = i?(^, ^) and J = B{\,\) = tt, B being the beta function defined by 



B{x,y):= [ t^-\l-t)y-^dt. 
Jo 



As infill < cx) then 



sup s^/'^\\dxv{s,-)\\L2m <oomd sup s'^^'^\\dx{u^v){s,-)\\L2m < o^- 

sG(0,T] se(0,T] 

We then deduce that dxw{t, •) is in L^ and so dxQv{t, •) G L2(R) for all t G (0, T]. 

Let us now prove that dxW is continuous on (0, T] with values in L^. 
For (5 > and t G (0, T], we define 

{dxw)sit,-) ■■= / 9x-?^(t-s,-) * l{s>5}(^5xv)(s,-)'^s 





t 

+ 



/ dxK{t - s,-)* l{s>5}dx{u^v){s, •) ds. 
Jo 



Since l{,^S}ivdxv){s,-) G L°°i[0,T];L^R)) and l{,^s}dxiu^v){s,-) G L~([0,T];L2(M)) then 
Proposition 13] implies that {dxw)s : [0, T] — )• L^(IR) is continuous. Moreover, we have for any t G (0, T] 
and 6 <t, 

rS 

\\dxW{t,-)-{dxW)s{t,-)\\L2 < Ko {t - s)-^'h-^'^ ds\\v\\c([0,T];L2) SUp S^'^\\dxV{s, ■)\\l2 

Jo s&{0,T] 



+ Ki I {t-s)-'/h~^/^ds sup s^/^\\dx{u^v){s,-)\\L2. 
Jo sefo.Tl 



'0 se(o,T] 

10 



It then follows that 

sup ||9^u;(t,-) - {dxw)sit,-)\\L2(R) -^ Oas(5-^ 0. 

tG(0,T] 

We next infer that dxW G C((0, T]; L^(M)) because it is a local uniform limit of continuous functions. 
Hence, we have established that Gu E C([0, T];L'^{R)) n C((0, T];H'^{R)). To prove that Gv G X, it 
remains to show that 1 1 107;| 1 1 < +00. Using (031 ) and (fT6l ). we have 

sup t^/2p^.0^(i^.)||^^ < Ki||t>o||L2+A'o/r^/^ sup S^/^||9^7;(s,-)||L2||t;||c([0,T];L2) 
tG(0,T] sG{0,T] 

+ KiJri/2 sup s^/^\\d,{u^v){s,-)\\L^. (17) 

se(o,T] 

Finally, we have : X — ;• X. 

Second step: We begin by considering a ball of X of radius R centered at the origin 

Br:={v eX / \\\v\\\ <R} 

where R > ||vo||l2(r) + -f^ill^olliam). Take v G Bji and let us now prove that © maps Bji into itself. 
We have 

l|0'^(*r)llL2{M) < \\K{t,-)*vo\\mR)+ / \\dxK{t-s,-)* (y + 'U0'(;j (s, •)||l2(r) c?s- 

By Remark[3j we get 

||K(t,-)*^0||L2(R)<e"»^||^0||L2(M), (18) 

where ao = -minRe(V'x) > 0. Moreover, since \\v'^\\l°°((o,t);L^{r)) = lbllL°°({o,T);L2{R)) and with 
the help of Proposition \T\ we get 

\\Qv{t,-)\\L^R) < e'''^^\\vo\\L^(^R) + 2KoT'/^R^ + 2KiT'/^\\u^\\ci^^^R. (19) 

Using (ITT] ) and (|T9l ). we deduce that 

llie.;!!! < e°°^||t;o||i2(M)+Ki||t;o||L2(]R) + (2 + /)/foT^/4^2^(2 + J)i2Kiri/2||n^||pi(j,) 
+KiJ\\u^\\cl(R)RT. 

Therefore, for T > sufficiently small such that 

e"°^lbo||L2(R) + Ki\\vo\\L2iR) + (2 + I)KoT'^'R' + (2 + J)RKiT'/^\\u^\\c.^^) 

+ KiJ\\u^\\ciju)RT<R, (20) 

we get that 1 1 1 0w| 1 1 < R. 

To finish with, we are going to prove that is a contraction. 

For v,w ^ Br, we have for any t G (0, T) 

1 /■* 

\\ev{t,-)-Qw{t,-)\\LHR) < ^J \\d,Kit-s,-)\\LHR)Uv^-w''){s,-)\\LHR)ds 

+ / \\dxK{t - s,-)\\l^r)\\u^{v - w){s,-)\\L2,^^ds, 



+ 2Kii^/2||u<^||ci(R)|b-'Uj||c([0,T];L2( 



11 



and since, 

11^ - W \\c{[0,T];L^K)) < (ll^llc([0,T];L2(M)) + lkllc([0,T];L2(M)))ll^' -'"^llc{[0,r];L2(M))! 

< 2R\\v-w\\c([0,T];L^«}), 

we get 

\\Qv{t,-)-Qw{t,-)\\LHR) < {4.RKot^/^ + 2Kit^/^\\u4,\\ci^^^)\\v - w\\ciio,T]-,LHR))- (21) 

Moreover 

1 /■* 

\\d^{Qv-Qw){t,-)\\L^{M.) < o/ \\dxK{t- s,-)*d^{v'^ -w'^){s,-)\\L2(^^)ds 

^ Jo 

+ / \\d:cK{t- s,-)*dx{u^{v -w)){s,-)\\L2{R)ds, 
Jo 

< Kolt'^/^ sup s^/'^\\{vdxv -wdxw){s,-)\\Li(m 
se{o,T] 

+ KiJ sup s^/'^\\dx{u^{v -w)){s,-)\\l2(^^). 

sG(0,T] 

And since 

\\{vdxV-wdM{tr)\\L^ <\\dMt,-)\\LA\{v - W){t,-)\\L2 +\\v{t,-)\\L2\\dx{v - W){t,-)\\L2, 

then 

t^'^\\{vdxV-wdxW){t,-)\\L, < \\{V - W){t,-)\\L2\\\W\\\ +\\\v\\\t^l^\\dx{v - W){t,-)\\L2, 

< 2R\\\v-w\\\. 

Therefore, we obtain 

\\d,{Qv-Qw){tr)\\LHm ^ '^K^It~^'^R\\\'^-w\\\+KiJ\\u^\\cn^^)T^'^\\\v-w\\\ 

+ KiJ\\u^\\ci^^^-^\\\v - w\\\. (22) 

Finally, using (|2TI ) and (l22l ). we get 

|||e7;-Gu;||| < [(2 + /)2i?i^ori/^ + (2 + J)||n^|lci(M)i^ir^/' 

+ -f^i«^r|k0llci(R)]lll^- '"^Ill- 



Last step: conclusion. For any T* > sufficiently small such that (l20l ) holds true and 

(2 + I)2RKqTI'^ + (2 + J)||n^||t;i(iR)Kiry2 + i^i JT,||n^||c;i(K) < 1, 

is a contraction from Br into itself. The Banach fixed point theorem then implies that admits a 
unique fixed point v € C([0, T*]; ^^(m)) n C((0, T*]; i?i(M)) which is a mild solution to ^. 
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Lemma 2 (Regularity H'^ of v{t, •)). Let vq G L^(R) and 4> G Cf (M). There exists T^ > that only de- 
pends on \\v{)\\i2m\ and \\u^\\(j2m\ such that Q admits a unique mild solution v G C([0,r^]; L^(]R)) n 
C((0, T^]; F2(IR)). Moreover, v satisfies 

sup t^/^||(9a;t'(i,-)||L2(iR) < +00 and sup t||(9^3.t;(t,-)||L2(R) < +00- 

t6(0,Ti] ie(0,T^] 

Proof. To prove this result, we use again a contracting fixed point theorem. But this time, it is the 
gradient of the solution v which is searched as a fixed point. 

From Proposition |6l there exists T* > which depends on ||vo||l2(r) and Hu^Hcim) such that v G 
C([0,r*];L2(]R))nC((0,r*];i?i(M)) is a mild solution to®. Since t; G C((0,r*]; i:^^(M)), we can 
consider the gradient of v{t, •) for any t G (0, T*]. Let then to S (0,r,,) and T^ G (0, T* - to]- We 
consider the same complete metric space X defined in the proof of Proposition [6] and we take the norm 
III ■ III defined in (IT4l): 

X := j-u; G C([0,r^]; L2(M)) n C((0,r^]; //^(M)) s.t. w;(0, •) = wq and |||w;||| < +00} , 

with the initial data wq = dxv{to,-). 

We now wish to apply the fixed point theorem at the following function 

rt 



ew:t£[0,Tl] -^ K{t,-)*wo- dxK{t- s,-)*{vw){s,-)ds 

Jo 

- dxK{t- s,-)* {dx{u^)v){s,-)ds 
Jo 



'0 

/ dxK{t- s,-)*{u^w){s,-)ds, 
Jo 



where v{t, •) := v{to + t, •). First, we leave to the reader to verify that maps X into itself. The proof 

is similar to the one given in Proposition |6l 

For any tD G X, we have from Young inequalities and Remark[3] 

l|0w'(*r)||L2(iR) < e"''^*||'u;o||L2(iK) + ||i;||p^[^^^^/].j:^i(jj)^|||'u;||| / \\dxK{t - s,-)\\L2(^)ds 

+ \\U'f>\\cliR)M\c{lto,Ti]:H^R)) / \\9xK{t- S,-)\\Li(K-)ds 



-t 
+ \\u4>\\cim\\\w\\\ I \\dxK{t-s,-)\\L^^)ds, 



'0 



and from Proposition [T] we get 

||eu;(t,-)||L2 < e"''^*||t/;o||L2 + 4Kor:'/'||t;||c;([t„,r:];//i)lll«'lll 

+ 2KiT'^''^\\u^\\(ji\\v\\(ji,^^^j.i^yjji\ +2Kir*^'^||'u<^||(^i Ill-will. (23) 

Differentiating Qv{t, •) w.r.t the space variable, we obtain 

dxQvit,-) = dxK{t,-)*wo- d3:K{t- s,-)*dxivw){s,-)ds 

Jo 

dxK{t - s,-)* dx{dx{u^) v){s, ■)ds - / dxK{t - s, •) * dx{u^ w){s, •) ds, 
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and developing, we get 

dx@v{t, •) = dxK{t, ■)*wo- / d:cK{t - s, •) * [w d^v + v d^w] (s, •) ds 

Jo 

- / da:K{t - s, •) * [dliu^) V + d:c{u^) dxv] (s, •) ds 
Jo 

- / dxK{t - s, •) * [c^x(ii0) w^ + ii0 dxw] {s, •) ds. 

JO 

Now, from Young inequalities, we have 

\\dx@v{t,-)\\L2 < \\d:,K{t,-)\\Li\\wo\\L2+ \\dxK{t - S, ■)\\l2\\w d:rv{s, ■)\\l1 ds 

Jo 

+ / \\dxK{t- s,-)\\L2\\vdxw{s,-)\\Lids 
Jo 

\d^K{t-s,-)\\L^ [\\dl{u^)v{s,-)\\L2 + \\dx{u^)dxv{s,-)\\L2] ds 

+ / \\dxK{t-s,-)\\Li[\\dx{u^)w{s,-)\\L2 + \\u^dxw{s,-)\\L^] ds. 
Jo 

Finally, from Proposition [TJ we obtain 

+ / Ko{t- s)~^/'^S~'^^'^ds\\v\\^f^.j.'.jji. sup S^^'^\\d:,;W{s,-)\\L2 

Jo ^^ ''" se{o,Ti] 

+4 Kit^^^ \\u^\\c2\\v\\^.^^^^.^,y^^^^ + 2 Kit^^^ \\u^\\ci\\\w\\\ 

+ f Ki{t-s)-^'^s-^/''ds\\u^\\c2 sup s'''^\\dMs,-)\\L^. 

Jo s6(0,T^] 

In other words, we have for all t G (0, T^] 

t^/'^\\dxQv{t,-)\\L2 < Ki\\wq\\l2 +4r/''^Ko||^|lc([to;T:];ii'i)lll^lll 

+2Ki7rr;||n^||c.i|||«;|||+i^irI'/'||n^||c2 infill, (24) 

where I = i?(^, |). Hence, using (l23l) and (l24l) . we get 

|||6w||| < e"o^*||u;o||L2(iR) + Kl\\wQ\\L2^^^) + 2Jfi||u<^||c2(K)||v||^(r, .^/, Jyl.JJ^^(2^^' + T^!^/^) 



+ C\\\w\\\{Ty^ + Ty^ + t[^'^ + tI), 



for some positive constant C which depends on Kq, Ki, \\v\\q,,^ ■t']-h'^(m.)) ^^'^ ll^^llc^ 
We next leave to reader to verify that: for any wi,W2 G X, 

|||ei/;i-Gw;2||| < c'(r:^/Vr:^/' + rf/Vr:)|||i(;i-t/;2|||, 

14 



where C is apositive constant which depends on Kq,Ki^ \\'^\\c(\t ■t'I-H'Hk")) ^^^ \WA\c'^(M.)- 
Then, if T^ > satisfies 

e'"^'^*||'u;o||L2(K) + Ki\\wo\\l2^^) + 2-f^ill^0llci{R)ll^llc([to;T'];//i(lR))*'^"^* ^^* ^ 

+ CR {ry^ + ry^ + ry^ + t',)<r, 



and 



c" {Ty^ + ry^ + ry^" +n)<i, 



G : Br{X) — > Br{X) is a contraction, where Br{X) is ball of X of radius i? centered at the origin. 
Using a contracting point fixed theorem, it exists a unique fixed point, which we denote by w. But it is 
easy to see that QdxV = dxV taking into account the space derivated of the Duhamel formulation ([8]l. 
Thanks to a uniqueness argument, we deduce that w = dxV and thus that v G C((0, T^]; -ff^(M)), which 
completes the proof of this lemma. ■ 

Let us now prove the global-in-time existence of mild solution v. 

Proposition 7 (Global-in-time existence ). Let vq G Lp'i^), (/) £ C'^(M) and T > 0. Then, there exists 
a (unique) mild solution v £ C{[0,T];L'^{R)) nC{{0,T];H'^{R)) to ©. Moreover, v satisfies the PDE 
^ in the distribution sense. 

Proof. First step: w is a distribution solution. Taking the Fourier transform w.r.t the space variable in 

dUl, we get for all t G [0, T] and all ^ G M, 



Jo 

- I 2i-Kie-^^-'^^^^^^F{u^v{s,-)){i)ds. (25) 

Define 

Classical results on ODE imply that G is differentiable w.r.t the time with 

dtG{t,0 + 4^i{0G{t,0 = -i7r^T{v\t,-)){0-2i7r^J^{{u^v){t,-)){0, 

= -TU{^){t,.))iO-^idAn^v)it,.))iO. (26) 



Let us now prove that all terms in (l26l ) are continuous with values in L^. Since, v G C((0, T]; H^ 
then dxiv'^), dx{u^v) G C((0, T];L'^{R)). We thus deduce that T (dx{^)] and J" {dx{u^v)) ai-e con 
tinuous with values in L^(M). Moreover, Equation (|25] ) implies that 



^PxGit, •) = iPi (T{v{t, •)) - e-'^^Tvo) 



15 



and so -02 G{t, •) is continuous with values in L^. Indeed, 



\MOG{t,0\^dC = I \MOGit,0\^dC+ f mOG{t,0\^dC, 

1 JR\(-1,1) 



< sup \MOnG{t,-)\\h^^) + G f \eG{t,0\''dt 



< sup IV'xCOPllGlt,-)!!!^ 

€ehi,i] 



JIR\(-1,1) 



1) 

< sup |V'x(e)l'l|G(t,-)|li2(K) + C'||i;(t,-)||^2(K) 
«ehi,i] 

+C'lbo|li2(i8)+C||u(t,-)||H2|bo||L2, 

< oo, 

because Tpx behaves at infinity as | • p. C, C ai^e two positive constants. Hence, we have that the 
function t — )■ il^xG{t, •) G L^(R, C) is continuous. Finally, we have proved that all the terms in (l26l ) are 
continuous with values in L^. Therefore, from ^, we get that G £ C^([0, T];L'^{R, C)) and then 

|(G(t, •)) + V'x G{t, •) = -^ (a.(^)(f , •)) - T {d.{u^v){t, •)) . 

Moreover, t G [0, T] -^ e'^'^^FvQ G ^^(M, C) is C^ with 

^(e-'^^^^wo) + ^xe-'^^^Fvo = 0. 
From Equation (|25] ). we infer that J^t; is C^ on [0, T] with values in L^ with 

j^F{v{t, •)) = -^x-F(Kt, •)) - ^ (^.(y )(i, •)) -F{d.An.,>v){t, •)) • 
Since J"isanisometry of L^, we deduce that u G C^([0,r]; L^(M)) andby ©, we get 

= -X[i;(t,-)] + 9L^^(t,-)-5x(Y)(t,-)-9.K«)(t,-). (27) 

We are now going to prove that v satisfies the PDF Q in the distribution sense. Let us note 

w{t, •) := -I[v{t, •)] + dl,v{t, •) - d,{—){t, •) - d,iu^v){t, •) 

and let us show that 

dtv = w in V'{{0,T) x M). 
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By definition, we iiave for any ip G P(0, T) and ijj € P(M): 

<dtv,ipilj> = — / v{t,x)-—ip{x)dtdx, 

Jo Jr d,t 

Jo \Jr J "* 

Tlierefore, it is enough to prove tliat 



I / w{t,x)il^{x)dx \ ip{t)dt = — / I / v{t,x)il){x)dx\ ip'{t)dt, 
V^R / Jo \Jr J 

i.e. 

— / v(t,x)il){x)dx = / w{t,x)'ip{x) dx, 

in the sense of V (0, T). But by (|27] ). we have that the function 

t G (0,r) I — > / w(t,3;)'(/'(3;)(ix G M 

Jr 

is C^ and 

— / v(t,x)il){x)dx = / w{t,x)'ilj{x)dx 
dt Jm, Jm. 

in the classical sense, which proves that the mild solution v is a distribution solution of ^. 
Second step: A priori estimate. By the first step, we have 

dtv + d^{—+ u^v) + I[v] - dl^v = 

in the distribution sense. Therefore, multiplying this equality by v and integrating w.r.t the space variable, 
we get: 

/ vtv dx + I {Z[v\ — Vxx)v dx + / {Uff,v),j^v dx = Q (28) 

JR Jr. Jr 

because the nonlinear term is zero. Indeed, integrating by parts, we have 

f v"^ f v"^ 1 /■ f 2 

/ dxi-pr)vdx = - / —dxvdx = -- / dx{—)vdx. 

Jr ^ JR ^ ^ JR ^ 

There is no boundary term from the infinity because for alH G (0, T], u(t, •) G ff^(M). Using ([3]) and 
the fact that Jjg(X[7;] — (9^^u)t; dx is real, we get 

I {X\v\-dl^v)vdx= f F-^{'4)xFv)vdx= /" Vil-^^P^^ = f Reii^i)\Tv\'^d^. (29) 

JR jR JR JR 

Moreover, since n^-y G H^{R.) we have 

/ (u^v)^ vdx = - / u^vvx dx = - u^i — ] dx = (dxU^)— dx. (30) 

JR JR JR V ^ / X "'R ^ 
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Using (|28]), (|29l) and dSO]), we obtain 

ljt^\<t,-)\\h < {ao + C^)\\v{t,.)\\l, 

where ao = — minRe (^i) > and C^ = |||u<^||ci- Finally, we get for all t G [0,T] the following 
estimate 

||^(t,-)||L2(E)<e("o+^^)*|bo||L2(R). (31) 

Last step: global-in-time existence. Up to this point, we know thanks to Proposition[6]and Lemma|2]that 

there exists T* = T*(||t;o||L2(K), ||m<^||c2(ir)) > such that i; G C{[0,n];L'^{M.)) n C{{0,n];H'^{M.)) 
is a mild solution of Q on (0, T*]. Let us define 

to := sup {t > / there exists a mild solution of ^ on (0, t) with initial condition vq} . 

To prove the global-in-time existence of a mild solution, we have to prove that to > T, where T is any 
positive constant. Assume by contradiction that to < T. With again the help of Proposition [6l there 
exists Tl > such that for any initial data wq that satisfy 

lko||L2(R)<e^""+^^)*1bo||L2(M), (32) 

it exists a mild solution w on (0,T^]. Using (|3TI ). we have that wq := f (to — T^/2, •) satisfies (|32] ). 
Therefore, using an argument of uniqueness, we deduce that 

v{to - T'J2 + t, •) = w{t, •) for all t G [0, T'J2). To finish with, we define {; by i; = u on [0, to) and 
^(to - T^/2 + 1, •) = w{t, •) for t G [tI/2, T^]. Hence, w is a mild solution on [0, to + T^/2] with initial 
datum Vq, which gives us a contradiction. 



5 Regularity of the solution 

This section is devoted to the proof of the existence of classical solutions v to Q. 

Proposition 8 (Solution in the classical sense). Let vq G L^ (M), (p ^ C^ (M) and T > 0. The unique 
mild solution v G C([0, T];L'^{R)) D C((0, T];H'^{R)) of © belongs to C^'^ ((0, T] x M) ancf -sat^y^e^ 

<9tu + 9j: f — + u^v j + X['u] - dl^v = 0, 

o« (0, T] X M in the classical sense. 

Proof. First step: C^-regularity in space. Let us take any to G (0, T] as initial time and let T' G (0, T— 
to]. Differentiating the Duhamel formulation ^ two times w.r.t the space, we get for any t G [0, T'], 

dl^v{t + tQ,-) = K{t,-)*dl^v{to,-)- I d^K{t- s,-)*{ui + U2){tQ + s,-)ds, 

Jo 
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where ui := {dxv)"^ + vdl^v and U2 := v d^u^ + 2 dxU^ dxV + u^ dl^v- Since v G C((0, T];H'^{ 
then ^2 G C ((0,r]; L2(m)) and from the Sobolev embedding H'^{M.) ^ Cl^C^), we get that ui G 
C((0,T]; L^(]R) n L2(M)). Let us now define the following functions 

Fi{t,x) := / dxK{t — s,-) *Ui{to + s,-){x)ds, fori = 1,2. 

For all X, y G M, we have thanks to Cauchy-Schwartz inequality 

\dxK{t - s,-)* Ui{to + s, ■){x) - dxK{t - s, •) * Ui{tQ + s, ■){y)\ 

< / \dxK{t- s,z)\\ui(to + s,x - z) -Ui{tQ + s,y - z)\dz, 

Jm 

iTlx-y) {Uii^O + S, •)) - Ui{s + to, ■)\\L2{R)\\dxK{t - S, ■)\\l^(m), 



< 



where Tz^ denotes the translated function x — )• ip{x + z). 
Therefore, for all x, y G M and all t G [0, T'], we deduce that 



Fi{t,x) - Fi{t,y)\ < / Ko{t-s) ^^'^\\T(x-y) {ui{to + s,-)) - Ui{to + s,-)\\L2(^)ds, 



t 



< 4KoT'^/'' sup \\Ttx-y){Ui{s,-)) -Ui{s,■)\\L2,J^^, (33) 

sG[0,T'] 

where 'Ui(s, •) = Ui{to + s, •). Then, n, is uniformly continuous with values in L^ as a continuous 
function on a compact set [0, T']. Therefore, for any e > 0, there exists a finite sequence = sq < si < 
...< SN = T' such that for any s G [0, T'], there exists j G {0, • • • , iV - 1} such that 

\\ui{s,-) -ni(sj,-)||L2(R) < e- 
Therefore, using (|33] ) we have 

\Fi{t,x) - Fi{t,y)\ < AKqT''^/'^ sup \\T(x-y){ui{s,-)) -T{^x.-y){Ui{Sj,-))\\L^ 

se[o,T'] 

+ AKqT'^/'^ \\\T(^x-y){'^i{Sj,-))-Ui{Sj,-)\\L2+ sup | |'Ui(s, •) " ni(Sj, •)! |l2 

[ se[o,T] 

And since \\T{^x-y) {ui{s,-)) - '7{x-y) (^i('Sj, •)) IIl2{R) = ll^i('S,-) - ^i('Si, •)||l2(ik), we get 
|F,(t,x) - F,(t,y)| < 4.KoT'^'^ {\\T^x-y) {u^{sj,■)) - ^^(s,-, •)IIl2(m) + 2e} . 
And since the translated function is continuous in L^(M), we have 

\\'T(x-y) {Ui{Sj,-)) -Ui{Sj,-)\\L2{R) "^ 0, 

as (x — y) — )• 0. Hence, 

limsup\Fi{t,x)-Fi{t,y)\ < 2e. 

{x~y)^0 

Taking the infimum w.r.t e > 0, we infer that Fj is continuous w.r.t the variable x. Moreover, arguing as 
the proof of Proposition |4j we get that Fi ^ C ([0, T']; L^(IR)). From classical results, we then deduce 
that Fi is continuous w.r.t the couple (t, x) on [0, T'] x M. 
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Moreover, since v{tQ, •) G H'^(R), we can easily check that (t, x) — ^ K{t, •) * d^^v{to, ■){x) is contin- 
uous on (0,T] X M. Finally, we get that d'^^v G C ([ioi'?'] x ^) and since to is arbitrary in (0,T], we 
conclude that d^^v G C ((0, T] x M). 

Second step: C^-regularity in time. From Proposition |2l we know that the terms dtv and —dx ( ^ + u^v j + 

d^xV — 1^[v] have the same regularity. Moreover, by the first step of this proposition, we have that 

dxxV G ^((0, T] X M) and from Sobolev embeddings and Remark[5l we deduce that dx (^ + u^v j and 

I[v] belong to C((0, T] x R). Finally, we obtain that dtv G C((0, T] x M) and thus v G Ci'2((0, T] x M). 
The proof of this Proposition is now complete. ■ 
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